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ABSTRACT 
 
This article considered a Class of Hybrid Multi-derivatve Linear Multistep Method (CHMLMM) for 

solving third-order ordinary differential equations. Power series was adopted as the basis function 

to derive the method. In order to get a desired solution, the basis function was approximated and 

interpolated at some selected off-grid points while the third derivative of the approximate solution 

was collocated at all grid and off-grid points to generate a system of linear equations for the 

determination of the unknown parameters. The basic properties of the method were examined. 

The derived method was implemented in block mode to solve third-order ordinary differential 

equations to demonstrate the usability and efficiency of the methods. The absolute error obtained 

in the numerical experiments showed a better performance of the present method over some of 

the existing methods in the literature.  
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INTRODUCTION 
 
The attempt to find better solution to Ordinary Differential Equations have led researchers to developing several 
methods over the years, with each coming out with varying degree of solutions. While some of these solutions are easy 
to relate with, some requires further interpretations to get the ideas behind them, thus the numerical solutions to such 
equations comes handy in given expression to the basic interpretation to what a solution give when compared with the 
exact solution. 
This article discussed the approximate solution to general third-order ordinary differential equations using the Class of 
Hybrid Multi-derivatve Linear Multistep Method (CHMLMM). Thus, we seek to find numerical solution to equation of the 
form:  
 
�′′′(�) = �(�, �(�), �′(�), �′′(�)),        �(
) = ��, �′(
) = ��, �′′(
) = �
 (1)   
 
 where 
, ��, ��, �
 , and � is a continuous function and satisfies a Lipschitz condition as given in [1].  
 
The solution of (1) is conventionally solved by first reducing it to equivalent first-order differential equation, which have 
been considered by authors [1], [2], [3] and others. In like manner, authors such as [4], [5], to mention a few, have 
developed different method to solving equation (1) with each coming out with various degree of results.  
In recent times, authors ([4], [5], [6]) have made tremendous progress in developing methods for the solution of (1) 
without reduction to equivalent first-order ordinary differential equation with each coming out with varying degree of 
successes in their approach. Many other numerical approaches has been considered by ([7], [8], [9], [10], [11], [12], [13], 
[14], [15])  
 
While the search for more accurate numerical methods continues. This article develops a Class of Hybrid Multi-derivatve 
Linear Multistep Method (CHMLMM), implemented in block mode, for directly solution of equation (1). The article is 
sectioned as follows: Section 1 is an introduction, Section 2 discusses how the methods were derived, and Section 3 
analyses the method’s basic properties. Section 4 gives numerical results to show the advantages of speed and 
accuracy. Section 5 provides a summary and conclusion.  
 
Derivation of the Block Method 

 
The solution of (1) is considered in the interval [0,5] by allowing �(�) to be approximated by partial sum of power series 
polynomial of the form  
 
 

�(�) ≈ �(�) = ∑  ����� 
��� (2) 

 
 where � is continuously differentiable and 
� ’s are parameters to be determine. In order to apply the procedure of 

collocation and interpolation to (2),third, fourth and fifth derivatives are obtained as:  
 
 

 �′′′(�) ≈ �′′′(�) = ∑  ����� �(� − 1)(� − 2)
�����, (3) 

 

 �(�)(�) = ∑  ����� �(� − 1)(� − 2)(� − 3)
�����, (4) 

 
 and  

 �(�)(�) = ∑  ����� �(� − 1)(� − 2)(� − 3)(� − 4)
�����. (5) 

 
 respectively. Note that the following are equivalent; 
 

�′′′(�, �(�), �′(�), �′′(�)) ≈ �(�, �(�), �′(�), �′′(�)), �(�)(�, �(�), �′(�), �′′(�)) ≈ �(�, �(�), �′(�), �′′(�)),,  and 

�(�)(�, �(�), �′(�), �′′(�)) ≈  (�, �(�), �′(�), �′′(�)). Interpolating (2) at � = �!"� , � = 0, 1, $
� and collocating (3) to (5) at 

� = �!"� , � = 0, 1, 2, 3, 4, and 5 yield the system of equations that is written in matrix form as  

 &' = ( (6) 
 where,  
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( = )�! , �!"*, �!"$
�

, �! , �!"*, �!"�, …  , �!"�, �! , �!"*, �!"�, …  , �!"�,  ! ,  !"*,  !"�, …  ,  !"�, 

' = (
�, 
*, 
�, 
�, 
�, 
�, 
-, 
., … 
��). Equation (6) is solved for 
� ’s using Gaussian elimination methods and substitute 

into equation (2), which yields after simple simplification the continuous scheme below  
 �(/) = 0��! 1 0*�!"* 1 02

3
�!"2

3
1 ℎ� ∑  ���� 5��!"� 1 ℎ� ∑  ���� 6��!"� 1 ℎ� ∑  ���� 7� !"� (7) 

 where 0�, 5�, 6�, and 7� are the coefficients that define the scheme. The coefficients are presented in the appendix. 

Evaluating (7) and its first and second derivatives at / = 1, 2, 3, 4, 5 yields the proposed Class of Hybrid Multi-
derivatve Linear Multistep Method (CHMLMM) whose formulas are as presented in equations (8), (9), (10). 
  
 

 
 

  

 

�3 1 2
3  �0 − 9

7   �1 − 8
21  �9

2
=∗ 1<<

1ℎ5 )− 1248419368255
61667543089152   3 − 4059173

164282499072   4 − 88939210351
20555847696384000   5 − 3980464170227

61667543089152000   0 − 12826048381
1149977493504   1 − 92028106571

20555847696384
1ℎ4 ) 139819653739

2854978846720  �3 1 71734478327
29899414831104  �4 1 1789075812221

29365496709120000  �5 − 768034199196479
616675430891520000  �0 − 67610745201 73

149497074155520  �1 1 25694809620480
1ℎ3 )− 349539249095891

616675430891520  �2 − 136270262935009
264289470382080  �3 − 10315051528291

274077969285120  �4 − 32277834242192507
4625065731686400000  �0 − 102156 789920981

274077969285120  �1 −
 (8) 

�4 1 1
3  �0 − 4

7  �1 − 16
21  �9

2
=∗ 1<<

1ℎ5 )− 484605152575
30833771544576   3 − 1713681161

1724966240256   4 − 14615357039
10277923848 192000   5 − 980898227443

30833771544576000   0 − 3260151677
574988746752   1 − 22232266571

10277923848192
1ℎ4 ) 432168473183

23125328658432  �3 1 6660410920043
672736833699840  �4 1 6280249812289

308337715445760000  �5 − 569907935377853
925013146337280000  �0 − 15738062336981

672736833699840  �1 1
1ℎ3 )− 31916933928689

102779238481920  �2 − 54581475515873
132144735191040  �3 − 310430491531889

3700052585349120  �4 − 8009785256965243
2312532865843200000  �0 − 699214414615159

3700052585349120  �1
 (9) 
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and additional schemes  

 ℎ�′� 1 **
$  �� 1 �

-�  �2
3

− $
.  �* = 

 1ℎ�(. **>�$�$*��*�$���
�*���>>>�$>���->�  * 1 *�*�..���-*�.*.

���.----��>�$->���  � 1 ���������*�>�.
.>**���*��-��$����  � 

 − ��*$$��-�.**-�$
�$��-**�-��*�$-�  � 1 .-�>>���>>�$�

*�>.�-��>-�.->�  � − *�**�>�.$$��.$
�������$-*����-�   � . ) 

 1ℎ�(. − $�*.�*>�*�*$
**�>.�$*��$.�� �� − *..�����-��*�$

*�>�>$*$-*.��-� �� − ��--�$..-.>-���$
.>**���*��-��$����� �� 

 1 �.-$*�-�>��-*�$
�->�>>>>*.$�$.-� �* 1 �*$>-$���>���$�.

-��>$..-$$.��.�-� �� 1 *.*��*��-$.���$.
*$-$�*�--*-.������ ��. ) 

 1ℎ�(. $.-��$>.*���������$
*.�.���$.>���>������� �� − $.���>�-�>����*

*��*�$-�>��>���-�  �� 1 .�.$������>����$
*��*�$-�>��>���-� �* 

 − *$*.�..>����.>��
���.----��>�$->� �� 1 ��$�*>��>����.$.

-�$�$$$$��*�>�>�  �� 1 *��$��*.-�>�>..�>.
�>�>�*-�$��-$������� ��. )     

 ℎ�′* 1 *
�  �� − *

.  �* − �
�*  �2

3
= 

 1ℎ�(. − �.����.-$$*$
�->��$��>��$-�  � − .$.*���$�-.-�

�>*���$$-�>-���*��  � − *���.���>>*>�$
.����$$$*�*-���>���   � 

 − ���>$����$.��$*
.����$$$*�*-���>���  � − *-�**����>��*$.�

�>*���$$-�>-���*��  * − ��.��-$�����.
$�*�$�>-����.-�  � 

 1ℎ�(. �����.����$*>.�
>.>.-��>$����*-�  �� 1 �>�.�����$$.-$

�$-�����->�.$�$-� �� 1 -�>.*��*>���-..$
�*�$��$$.�-�>$$>����� �� 

 − �.-�>��>�.>-.�.
..���>��*>>-�>����  �� − *�$�..>-..�.��--*

�-���.$$�$.��--���  �* 1 *��>>--�*-*��**
�-�-�>.�-.�-*��>� �� 

 1ℎ�(. − *���>��.>*$�-*-�.
��*�>$$$-����.*��  �� − ��$>�*-�$���-�-.

*���-��>-->������ �� − *-*�-.��*.$$.$�-*
>��-**$>$��$�$$�-�  �� 

 − $-�$��$�$*>>.$�>$
�..���$��$�**>������ �� − *-�>�>�>.�>�.��$**

>��-**$>$��$�$$�-�  �* − �>�$��>.�$$>����$
��.��.�$��*���$-����� ��. )     

 ℎ�′� 1 *
�  �� − *

.  �* − �
�*  �2

3
= 

 1ℎ�(. − �.����.-$$*$
�->��$��>��$-�  � − .$.*���$�-.-�

�>*���$$-�>-���*��  � − *���.���>>*>�$
.����$$$*�*-���>���   � 

 − ���>$����$.��$*
.����$$$*�*-���>���  � − *-�**����>��*$.�

�>*���$$-�>-���*��  * − ��.��-$�����.
$�*�$�>-����.-�  � 

 1ℎ�(. �����.����$*>.�
>.>.-��>$����*-�  �� 1 �>�.�����$$.-$

�$-�����->�.$�$-� �� 1 -�>.*��*>���-..$
�*�$��$$.�-�>$$>����� �� 

 − �.-�>��>�.>-.�.
..���>��*>>-�>����  �� − *�$�..>-..�.��--*

�-���.$$�$.��--���  �* 1 *��>>--�*-*��**
�-�-�>.�-.�-*��>� �� 

 1ℎ�(. − *���>��.>*$�-*-�.
��*�>$$$-����.*��  �� − ��$>�*-�$���-�-.

*���-��>-->������ �� − *-*�-.��*.$$.$�-*
>��-**$>$��$�$$�-�  �� 

 − $-�$��$�$*>>.$�>$
�..���$��$�**>������ �� − *-�>�>�>.�>�.��$**

>��-**$>$��$�$$�-�  �* − �>�$��>.�$$>����$
��.��.�$��*���$-����� ��. )     

 ℎ�′� − *
$  �� 1 �

.  �* − ��
-�  �2

3
= 

 1ℎ�(. − *>�--�����$�>�
�*$��$$$-��.����  � − >*.�$*>�.��*�*

$�.��--��$��**���  � 1 ..-�-�---�-�
�->-.���.�..������  � 

 1 *�.���.-�-�$**
*��-�*$$>����--�-��  � 1 $-����$*��>�.

��*�>��>��-..*��  * − *���$>�.��$�$.
**.*->��*>-$�>>>�  � 

 1ℎ�(. − �>�$��-�����
-��$��*..���*- �� 1 *�*����..*�*�-�$

*>.�-$���$$*����>�  �� − **�>�>-�.>-�-.*
�->-.���.�..�������  �� 

 1 ��$-*$-���*$��*
���>�$$$.�$��>�>���  �� 1 �>..**>��.�>*

.�>$>�*��.*�-�� �* − �*��$�*..�$-*
�--�$*--���$��� �� 

 1ℎ�(. − *�.-��*�������.
*����$$$>.��*$��� �� − ���>.-�>��**>��$.

�*�$��$$.�-�>$$>��  �� − *�.-���.��-$.*$
�>�������>$��>>�  �� 

 1 *���.�$*.�$>-�**�*
*����*�$>->���$$����� �� 1 *>�-����$>.��-�*

�*���>>>�$>���->� �* 1 *�$.*$��-��$>$
*����$.*�>�**�����  ��. )     

 ℎ�′� − �
$  �� 1 �* − �

$  �2
3

= 

 1ℎ�(. ..��*-���*����$
��*���$$�-�>*--��   � 1 $->���.�����*

�>*���$$-�>-���*��   � 1 �$$*�$..����.
�����---�.�>...-���  � 

 1 �>>*���-����$�
���..-$*-�����-���  � 1 �-�*�>��>>$��>�.

�>*���$$-�>-���*��  * 1 *���$��.�$���*
�$��-**�-��*�$-�  � 

 1ℎ�(. − $$->$��-�.$�*-$
�-�-�>.�-.�-*��>� �� − ��>�.$��*.-.���.

��.���.$�.>�>�$.�� �� − *��>>�->-������.
.����$$$*�*-���>���� �� 

 1 �>��-����>�$���.
�.�>$$$$-�...$�����  �� 1 -�$->.$�*�>�*$-..

*->.���$.>$*$*$>.��  �* − >�$$.�>�$�**�*
>.>.-��>$����*-� �� 

 
 

�5 − 4
9  �0 1 5

7  �1 − 80
63  �9

2
=∗ 1<<

1ℎ5 )− 266597499451
92501314633728   3 1 71941521619

5174898720768   4 1 270119750389
2642894703820800   5 1 105976232933

2055584769638400   0 1 31607652269
5174898720768   1 1 1822944264859

92501314633728
1ℎ4 ) 34484771803

69375985975296  �3 − 5853458785927
13454736 6739968  �4 − 119853360804757

61667543089152000  �5 1 527613061301827
555007887802368000  �0 1 314174997809

14949707415552  �1 1
1ℎ3 )332769179136391

555007887802368  �2 1 33993036554783
7928684 1114624  �3 1 885364378117519

2220031551209472  �4 1 7097325818874757
1387519719505920000  �0 1 496580455034249

2220031551209472  �1 1 1387519719505920000
 (10) 
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 1ℎ�(. ��*$���>��-*>�>�
*����$$$>.��*$��� �� 1 -�>���*�>�$$��$

**�.>���*�������  �� 1 *�*���*��.-��**�
�����-�*���*>$���  �� 

 1 *.$�$����*�**�$�..
�*�*�*�--.*��>>�����  �� 1 �-��*��>-*>>$-*>�.

>��-**$>$��$�$$�-�  �* 1 ***������*.*-.�$.
*.�.���$.>���>�������  ��. )     

 ℎ�′� − �� 1 **
.  �* − �

.  �2
3

= 

 1ℎ�(. − ��.������>.����*
��*���$$�-�>*--��   � 1 *�.��-�>�$>.>�$�.

�>*���$$-�>-���*��   � 1 *�>-��-��>.�.�**
�����---�.�>...-���   � 

 1 $..��.�*..���>.
.����$$$*�*-���>���  � 1 �*.>.�-.��$.*>$

�*-�*�.--��>*����  * 1 ����$�>**�--���$
��*���$$�-�>*--��  �  

 1ℎ�(. �>.��-.$�*-�-**
>.>.-��>$����*-�  �� − >��.>-�$*��-.**.

�**�.$$$�-**>.>�� �� − ���*�.��>.-.�������
�*�$��$$.�-�>$$>����� �� 

 1 �>���>-�$�>-$�.
*$-$�*�--*-.������ �� 1 .�$-.>�����*�.�

���>�>��**-�-�.��  �* 1 .��--�->���$�
�->.**���>��.� �� 

 1ℎ�(. �������>�.���$���
��*�>$$$-����.*��  �� 1 *��$����>�..-*�>**

�*�$��$$.�-�>$$>��  �� 1 *��-..�>*$��*>-.$$
.--$*$$$��*.>*.-�  �� 

 1 -.�>$�>--���>>$���.
��.��.�$��*���$-����� �� 1 �.$.��-��*���-�-�

-�>$���$$�>���.��  �* 1 �-�>���$�*�$���*$���
��.��.�$��*���$-����� ��, . )     

 ℎ��′′� − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. − *---�>$��>��.$��.
*��-�*$$>����--�-�   * − �-�>.*�*��>>����

*��-��$$>**..>�-���   � − ����$��-���>�*
�.��>>��>*-�*�>���  � 

 1 ����*$�*>$��-.��
*.�.���$.>���>���  � − *��.*����$>$���.

.�����$$��>>$�>�  � 1 ��$��>��->�-�$�.
*��-�*$$>����--�-�   � . ) 

 1ℎ�(. **.>*>�-�>.����*
��$�>*����*���>� �� 1 �.���.�*�-��-��

�>>��*�>�.>$*��  �� 1 �-����.��-��-�-$*
��*���$$�-�>*--����� �� 

 − *$���>-�-*$*-��$�
�-���.$$�$.��--��  �* − ��$.�$�.*�����--�

�>*���$$-�>-���*�� �� − �*$�-��>�>>����>��.
*����*�$>->���$$�����  ��. ) 

 1ℎ�(. − �.��$$��-��>��*$��$�
**�$>�.�>�>>��$������ �� 1 *�>-�-�.�-����.�*

�->-.���.�..����� �� − $���.-.$�-��*�>-$
�->-.���.�..����� �* 

 1 ��$�$��*�����.��-*
*����*�$>->���$$��  �� − -->����$���*.*>��.

�*-����$-��.��$.-�  �� − *-*.���.**�.-�-..>�
�-�-�>.�-.�-*��>����� ��. )     

 ℎ��′′* − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. ����*$�-����-�
��*���$$�-�>*--�   � − �$*>.�-�-��*>�*

��*>��$$�.�$.$$->�  � 1 *���>�>�$$��-�*
*.�.���$.>���>������  � 

 1 ��$�.-�**-�*>*
���-�.����-->>����   � 1 *�����.�.-.�-��$

��*>��$$�.�$.$$->�  * − >.$��-�.�..$�$
��*�.�$$->-�$.-�  � . ) 

 1ℎ�(. − ��.-*-�**���$�
*>>��-��.-�.���� �� 1 $����-��.�-��-��

>��-**$>$��$�$$�-�  �� − ������.>*>$...�*
��*�.�$$->-�$.-����� �� 

 1 �*.>��-�>$-*-�.�>$
��.��.�$��*���$-����� �� − �*>��-�-.��*>��.�

>��-**$>$��$�$$�-� �* 1 *>��-�$*�-.�>$
*�-�-��*�>�-.�-�  ��. ) 

 1ℎ�(. − -����$..�*-.����.
*����*�$>->���$$��  �� − *��$���*-�$***�*

*����*�$>->���$$�� �� − �**.��-�-�*$..��*
*�-��*.$>�*>$�$$��� �� 

 1 $$�->��>�*$�$$$��.
*>>��-��.-�.��������� �� − ���.����>�*>*.*�$

����>��$->�.>.$>�> �* 1 �*��$���-����.>$�*
*�*>*��.�����-��������  ��. )     

 ℎ��′′� − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. − *$��-�$��$��*.
*.�.���$.>���>���  � − >.���*.�*.�-*.

*��-�*$$>����--�-�   � 1 *�>-��$.*.��>�.
��.��.�$��*���$-����   � 

  
1 11694886818157

278972218736640000  � 1 217954784576261
28120399648653312  * − 1928800841713

684749991444480  �. ) 

1ℎ�(. 69495574516033
13181437335306240 �� 1 82951152289849

16541411558031360 �� − 1497557984757103
40558268724019200000 �� 

 1 �$�*�*>.���..�>.*
�.$���$$��***�-����� �� 1 $��.**������*��*

�>*���$$-�>-���*��  �* − ��>$*.-$-�**-�.
�-�-�>.�-.�-*��> ��. ) 

 

 1ℎ�(. *.��$�*$�>.*$�>�.
�*-����$-��.��$.-� �� − *������>�-.�-�$$.

*����*�$>->���$$��  �� − *��--��-*>.��$
��*�>��>��-..*�  �� 

 1 >-�-.�������-�*���
*>>��-��.-�.��������� �� 1 *�*�>$��������$�.

�->-.���.�..����� �* 1 ��.*$>��-����.�>>.
�$����*����$*>.�������  ��. )     

 

 ℎ��′′� − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. -��$.>--��>�--*
��.��.�$��*���$-�   � − ����>>.$.$>$*.

�>*���$$-�>-���*�   � 1 *�*��$��*��$>.
��*�.�$$->-�$.-����  � 

 1 ���-�*>�-�-�$�$�
��.��.�$��*���$-����  � 1 *���$��-$��-*��.

*��-�*$$>����--�-�  * 1 *.*>*��$�*����.
*.�.���$.>���>���  � . ) 
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 1ℎ�(. − �-��*.�***���
�>.*..�>�$$�-� �� 1 ����-��>����>-��

�>*���$$-�>-���*��  �� − *��$��$���.-�--.�
*.�.���$.>���>�������  �� 

 1 ���$���$��-�-�.�-*
��.��.�$��*���$-����� �� 1 >�>--��*>.*��*�*

�>*���$$-�>-���*�� �* 1 *-*>�>.�>�.-��
>.>.-��>$����*- ��. ) 

 1ℎ�(. ��**�>�$�$$�.�..
-�����$����-*.-�  �� 1 $��>>.��*$>�>>��

�����$-*����**��� �� − ��.-����������.
$�.��--��$��**��  �� 

 1 �--����*��*��>$�*�$
�-�$*>.��$�*-$-������ �� 1 **-�-$��-.�$*��>.

�->-.���.�..�����  �* 1 ��*��$�>�$��*�.-�$
*�*>*��.�����-��������  ��. )     

 ℎ��′′� − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. .->�*�-��-�����
*.�.���$.>���>���  � 1 *.-.��*�$�$*�*�*

��*>��$$�.�$.$$->�  � − **�..���$.>-��$
*.�.���$.>���>������  � 

 1 �**�.�>>$��.-�
����>���--.$������  � 1 ����-*�*..$$��**

��*>��$$�.�$.$$->�   * − *�.�.�..-�>�
�.��>>��>*-�*�>   � . ) 

 1ℎ�(. − *�$.$�$��$*�$*
*�*>*��.�����-��� �� − �.-��$.-�.����.

$�.��-*���-��$-� �� 1 *.�..���*$>.*$�-�
*.�.���$.>���>������� �� 

 1 �*�*.�*��*--$*->�$
��.��.�$��*���$-����� �� 1 �$--$.�-�-$���--.

>��-**$>$��$�$$�-� �* − �����$>>$����*
*�-�-��*�>�-.�-�  ��. ) 

 1ℎ�(. ���*�$.����$>���
$�>-�$$>>����.��  �� 1 ***��.>$�.$>���.�$

*����*�$>->���$$�� �� 1 �$�-*��>���>.>���$
*�-��*.$>�*>$�$$��� �� 

 1 >���->��*���$$$��.
*>>��-��.-�.��������� �� 1 -->>��->..������$

����>��$->�.>.$>�> �* − ��>.�-�.���>��*��$
*�*>*��.�����-��������  ��. )     

 ℎ��′′� − �
$  �� 1 �

.  �* − >
-�  �2

3
= 

 1ℎ�(. − ��$�.�-*>$.�>>��
*.�.���$.>���>���  � 1 *.-���.�>�>�-�$�.

*��-�*$$>����--�-�   � 1 �-$$*�>�>-..-$.�
*��-��$$>**..>�-���   � 

 1 -���.�*->����.
�$��-**�-��*�$-���  � − *��.���>���.$��.

*��-�*$$>����--�-�  * 1 ***�.���-�.$����$
��.��.�$��*���$-�   �. ) 

 1ℎ�(. ��>�-�>-$>>$.$.
*�*�$�-.*>*���>�  �� − *�����.$�-$����--�

�>*���$$-�>-���*�� �� − ����.>��*-.>*����*
-�����$����-*.-���� �� 

 1 �.�*-��--�>�$�$$$
*��-��$$>**..>�-���� �� − >��.��-*���$�>�

>����$$>$$-*���� �* 1 ->��-�$��*$-$��
**$>�*��>���.>�� ��. ) 

 1ℎ�(. >�->�.��>*--��-�>�
�*-����$-��.��$.-�  �� − *$��*��$��.�$�-*�$

*����*�$>->���$$�� �� 1 .�-$*��>$���*>.
��..���>�-�>-�� �� 

 1 ����$--����-����.
��*��-.-*$�.$������ �� − ��.�>��$-��*�>-$

�->-.���.�..�����  �* 1 �-�*�.>��*-*��->$--�*
.$�>>-���**>�.������� ��, . )     

 

Analysis of the method 
 
The analysis of the basic properties of the proposed method, which includes order, error constant, consistency, zero 
stability, and convergence were examined here.  
 
Local truncation error and order 
 
In line with what has established in author [1], let the linear difference operator ? associated with the CHMLMM be 
defined as:  
 

?[�(�!); ℎ] = ∑  C��� D0��(�! 1 �ℎ) − ℎ�5��EEE(�! 1 �ℎ) − ℎ� ��FG(�! 1 �ℎ) − ℎ�6��G(�! 1 �ℎ)H (11) 

 where �(�) is an arbitrary test function that is continuously differentiable in the interval [a,b], 0�, 5�,  � and 6� are the 

continuous coefficients. Expanding (�! 1 �ℎ), �EEE(�! 1 �ℎ), �FG(�! 1 �ℎ) and �G(�! 1 �ℎ) for � = 0, 1, … , < in Taylor’s 
series about �! and collecting the like terms in ℎ and � gives  
?[�(�); ℎ] = I��(�) 1 I*ℎ�′(�) 1 I�ℎ��′′(�) 1 I�ℎ��′′′(�) 1 ⋯ 1 IKℎK�(K)(�) 1 ⋯ (12) 

 The difference operator ? and the associated hybrid multi-derivative linear multistep methods are said to be of order � if  
 
 I� = I* = I� = ⋯ = IK = IK"* = IK"� = 0 and IK"� ≠ 0 while the term IK"� is called the error constant and the local  

 

Truncation is given by MC = IN"�ℎ(K"�)�(K"�)(�!) 1 O(ℎ(K"�) Hence, the order and error constants associated with the 
methods developed are given below.  
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Table  1: Order and error CHMLMM 
    

 Scheme  Order Error Constant 
(8)   18   

-.*����$�>>*$
���-�.*-$�$**-��>.�>�.�-��� 

(9)   18   
���-�>$-*��>$

>*�$.�.����-.�.$��$�.*����� 
(10)   18   − *��->����>�*�*

��>>��-�>$�>-�-��-***-*-��� 
  18   − ***����>*$�>*.

*�>*�>�.��*�$��$>��*.$��>�� 
  18   − ��.-�.���.�.���*�

�>>�>���������>.�>��-�-������ 
  18   

�>>���-$��$�>>.
�>>�>���������>.�>��-�-������ 

  18   − �--�*��.-*�--*
*-�.$�*��>�.��$�>-*>����>���� 

  18   − ���-.�>>.�..-��
�>>�>���������>.�>��-�-������ 

  18   − >-.->�--������$
-$.->$�*.$*.�*��*����������� 

  18  − *-���.$*���>��-�.-.-�
�*$..�*��-��$�*$�*����*>�>���� 

  18   − �>..>>$���-.->�
���*$*��-�.*����.$�.>*�*����� 

  18   − *���**���*-���>�>��>>*�>--*
����>�$�*��-�.-$���$-$�-�>���-���� 

  18   
�---�-****�--�*���>-$

���*$*��-�.*����.$�.>*�*����� 
  18   

��-�>��*�$���>$*���$�*$
��>>��-�>$�>-�-��-***-*-���� 

  18   − *-.-�*>-���*>�>�*��*���*��*.�*
.��*����.*���>->$�*���*$��-����� 

 
   
  



 
 

 

Abejide et al    21 
 
 
Consistency 
 
CHMLMM is said to be consistent if the following conditions are satisfied according to [13] :   
 
    1.  the order P ≥ 1  

    2.  ∑  C��� 0� = 0  

    3.  P(1) = P′(1) = 0  
    4.  P′′′(1) = 3! S(1)  
  
The consistency of CHMLMM examine as follows; 
 
(i) the order of CHMLMM is � = 18 
 

(ii) The 0’s are; 0� = − �
$ ; 0* = �

. ; 02
3

= − >�
-� ; 0� = 1 

T  
C

���
0� = 0� 1 0* 1 0$

�
1 0� 

− 4
9 1 5

7 − 80
63 1 1 = 0 

 
(iii) Also, P(U) is the first characteristic polynomial here 

P(U) = U� − >�
-� U2

3 1 �
. U − �

$ = 0, when U = 1 

P′(U) = 5U� − 40
7 U.

� 1 5
7 

P′(1) = 5U� − ��
. UV

3 1 �
. = 0, when U = 1 

 

(iv) Similarly, P′′′(1) = 60U� − 25UW
3 = 35, when U = 1, 3! S(1) = 6, hence, P′′′(1) = 3! S(1) 

Thus, conditions (1) - (4) are satisfied. This implies that CHMLMM is consistent.  
 
 
Zero Stability 
 
Definition 3.3.1: The linear multistep method is said to be zero stable if no root of the first characteristic polynomial P(U) 
has a modulus greater than one and if every root of modulus one has multiplicity not more significant than three (see 
[14]).  
 
 P̅(U) = YZ[[U'̅ − \]] (13) 
  
satisfies |U_| ≤ 1 and every root with |U_| = 1 has multiplicity not exceeding three in the limit as ℎ → 0. The first 
characteristic polynomial for equation (8) is given by:  
 

 P(U) = U� − �
$ 1 �b

. − >�b
2
3

-�  (14) 

  
equating equation (15) to zero and solving for U gives  

 U� − �
$ 1 �b

. − >�b
2
3

-� = 0 

  
 U = (1,1,1) 
 The root U of equation (15) for which |U| = 1 is simple (since the multiplicity of the root U is three), hence the method for 
is zero stable as ℎ → 0 by definition (see [13]).  
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Numerical Examples 
 
In this section, we test some linear and nonlinear numerical examples to illustrate the accuracy of the methods. The 
maximum absolute error is computed as maxERR= c
�|�(�d) − �F|, d = 1, . . . , e, where �(�F) is the exact solution 
computed at the grid point and �F is an approximation to the exact solution using the CHMLMM. For each example, we 
find the absolute errors of the approximate solutions and were compared with various existing methods in the literature. 
The accuracy of our method is seen in the small error values obtained. The first test example considered is the linear 
third-order ODE 
  
 �EEE = −�,    �(0) = 1, �′(0) = −1, �′′(0) = 1, 0 ≤ � ≤ 1, ℎ = 0.1 
 
whose exact solution is �(�) = Z�f. The numerical solution was obtained in the interval [0,1] over ten iterations. The 
absolute errors of (CHMLMM) are presented in Table 2 as compared with those of [14].  
 

Table  2: Comparison of absolute error of problem 1 using ℎ = 0.1 
    

  e   maxErr 
(CHMLMM)  

Error in [14] 

.1  8.0\ − 27 2.8160\ − 24 

.2 4.0\ − 27 1.1025\ − 23 

.3 1.0\ − 27 2.4162\ − 23 

.4 0 1.797\ − 23 

.5 5.0\ − 27 6.3522\ − 23 

.6 2.0\ − 27 8.8946\ − 23 

.7 8.0\ − 27 1.1768\ − 22 

.8 2.0\ − 27 1.4936\ − 22 

.9 7.0\ − 27 1.8358\ − 22 
 5.0\ − 27 2.1997\ − 22 

 
  
Problem 2: The second test example considered is the oscillatory problem  
 

�′′′ = 3gd/�, �(0) = 1;   �′(0) = 0;   �′′(0) = −2;   ℎ = 0.1 
 

with the theoretical solution �(�) = 3hig� 1 f3
� − 2,. 

 
 
The proposed CHMLMM was applied to solve the second example in [0,1] over ten iterations and the absolute error 
maxERR are compared with those of [13] in the Table 3.  
 

Table  3: Comparison of absolute error of problem 2 using ℎ = 0.1 
    

  e maxErr (CHMLMM)  Error in [13] 

.1 4.0\ − 27 5.5511\ − 17 

.2 0 8.3266\ − 17 

.3 3.0\ − 27 5.5511\ − 17 

.4 2.0\ − 27 2.7755\ − 16 

.5 2.0\ − 27 2.2204\ − 16 

.6 4.0\ − 27 2.2204\ − 16 

.7 2.0\ − 27 6.6613\ − 16 

.8 8.0\ − 27 1.6653\ − 15 

.9 1.0\ − 27  
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Problem 3: We look at another problem  
 �′′′ = Zf ,    �(0) = 3, �′(0) = 1, �′′(0) = 5, ℎ = 0.1 
 
 \�
h[: �(�) = 2 1 2�� 1 Zf 
We compare the results obtained with that of Duromola 2022  
 
 
Table  4: showing the exact solution and computed results from the proposed method for the problem in example 2. With 
ℎ = 0.1 
    

  Type equation here.  CHMLMM computed   Exact  

.1 3.12517091807564762481170783 3.12517091807564762481170783 

.2 3.30140275816016983392107200 3.30140275816016983392107199 

.3 3.52985880757600310398374431 3.52985880757600310398374431 

.4 3.81182469764127031782485295 3.81182469764127031782485295 

.5 4.14872127070012814684865079 4.14872127070012814684865079 

.6 4.54211880039050897487536767 4.54211880039050897487536767 

.7 4.99375270747047652162454939 4.99375270747047652162454939 

.8 5.50554092849246760457953754 5.50554092849246760457953753 

.9 6.07960311115694966380012657 6.07960311115694966380012656 
 6.71828182845904523536028748 6.71828182845904523536028747 

 
   
Table  5: Comparing the error obtained from the proposed method with that of Duromola 2022 for the problem in 
example 3. With ℎ = 0.1 
    

  e maxErr (CHMLMM)  Error in Duromola (2022) 

.1 0 3.0834\ − 24 

.2 1.0\ − 26 1.2625\ − 23 

.3 0 2.9242\23 

.4 0 5.3616\ − 23 

.5 0 8.6502\ − 23 

.6 0 1.2873\ − 22 

.7 0 1.8122\ − 22 

.8 1.0\ − 26 2.4500\ − 22 

.9 1.0\ − 26 3.2119\ − 22 
 1.0\ − 26 4.1103\ − 22 

 
  
 Problem 4: Application to solve nonlinear Genesio equation as seen in [13]. The chaotic Genesio equation is given as:  
 �′′′ = −0�′′ − 5�′ 1 �(�(�)) 
where, �(�(�)) = − �(�) 1 ��(�) �(0) = 0.2,    �′(0) = −0.3,    �′′ = 0.1,    � ∈ [
, y], 0 = 1.2, 5 = 2.92 and  = 6 are 
positive constants that satisfied 05 <  . The solution of the Genesio eqaution is considered considered in [0,1] over ten 
iteration. The results are presented in Table 6  
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Table  6: Solution of Genesio equation 
    

  e   (CHMLMM) 
Computed 

.1 0.170608506658450906436771910

.2 0.142832819577250405849

.3 0.117190915427972469517848378

.4 0.0940910152528807499473529206

.5 0.0738332104347624075411940645

.6 0.0566137811959384382597929736

.7 0.0425284105282591371138158000

.8 0.0315848121707460651699551796

.9 0.02370949643791613748901001

.0 0.0187575813030983992175286378
 
  
 Problem 5: Application to a boundary layer problem 
 

2�′′′ 1 ��′′ = 0, �(0) = �′(0) = 0;   �′′(0) = 1 
 
There is no known exact solution for the problem. The solution of the boundary layer problem is considered in [0,1] over 
ten iteration. The results are presented in (Table 7).  
 
 

Table  7: Solution of Boundary layer problem 
    

  e  (CHMLMM) 
Computed 

.1 0.904919042631566771839144974

.2 0.819375765873536593080274374

.3 0.742967136690820149801688235

.4 0.675342902080593870029416847

.5 0.616196858085171764917696744

.6 0.565259837891860271412243852

.7 0.522292708799484472407530956

.8 0.487081569716371533375665495

.9 0.459433058893276220733045460

.0 0.439170230840752464066306241
Conclusion 
 
This work has developed a class of hybrid multi-derivative linear multistep method (CHMLMM) to solve third-order 
ordinary differential equations directly. The method is zero and �-stable, consistent and convergent. The numerical 
results obtained from solved problems show the method’s efficiency and accuracy advantages over existing methods in 
literature. The results in Tables 2-7 showed that the method is better in accuracy and can compete well with others in 
the literature for solving similar problems. 
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